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Motion of Particles Injected from the
Surface into Stagnation-Point Flow
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Nomenclature
a = particle radius
c = flowfield constant
k — density ratio p/ps
L = transverse force
Re = Reynolds number
S = magnitude of the curl of fluid velocity
t = time
u = horizontal velocity
v = vertical velocity
x — horizontal coordinate

= vertical coordinate
= boundary-layer thickness
= dimensionless x coordinate [Eq. (15)]
= dimensionless y coordinate [Eq. (14)]
= fluid viscosity
= kinematic viscosity
= dimensionless time [Eq. (15)]

Subscripts
a = based on particle radius
f - fluid
i = injection
p = particle
s = shear or solid
Q = angular velocity

Introduction

AN understanding of the trajectory small particles in the
vicinity of stagnation points is important in such application

as blood flow1 and dust collection.2 In Ref. 3 the trajectories of
spherical nondeformable particles moving towards and colliding
with the stagnation surface were determined. Herein, we investi-
gate the motion of solid particles after reflection by or injection
from the surface in the vicinity of a two-dimensional stagnation-
point flow.

We assume that a viscous but incompressible fluid flows
steadily towards the stagnation surface, and that the flowfield is
not significantly perturbed by the motion of the solid particles.
The latter are assumed to be spherical. We are primarily
interested in the motion of the particles within the viscous
boundary layer. Because this region is characterized by large
velocity gradients we introduce into the analysis particle-fluid
forces which result from the action of fluid shear, in addition to
interaction forces due to particle-fluid translational velocity and
acceleration differences.
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Analysis
Saffman4'5 in a recent study obtained the net force acting on a

small translating sphere which is simultaneously rotating in an
unbounded, uniform, simple shear flowfield, the translation
velocity being parallel to the stream lines. Three independent
particle Reynolds numbers arise in the analysis:

slip: (Re)a = 2a(up-u)/v (la)
shear: (Re\ = 4a2S/v (Ib)

rotation: (Re)^ = 4a2Q,/v (Ic)
where, the particle relative velocity (up— u) is measured at its
center, S is the magnitude of the velocity gradient, and Q is the
magnitude of the angular velocity. The analysis, which is valid
when

(Re)a,(Re)s,(Re)n^l and (Re\, (Re\, >(Re)a
2 (2)

showed that in addition to Stokes drag force the particle
experiences a transverse force given by

-u) (3)
which is due to the combination of slip and shear, and a lift
force which is due to rotation given by

(L)Q = 7rra3Q(up-M) (4)
The latter result was also obtained by Rubinow and Keller.6
However, Saffman's study shows that unless the rotation speed
is very much greater than the rate of shear, and for freely
rotating particle Q = 0.55, the lift force due to particle rotation
is less by an order of magnitude than that due to the slip-shear
[Eq. (3)]. Moreover, as (Re)a -> Q Brenner7 showed that Saffman's
conditions [Eq. (2)] are always met and the Rubinow-
Keller theory is inapplicable.

In general for bounded shear flows, Lawler and Lu8 suggested
the following equation:

L = - U) (5)
where, K is the curl of the fluid velocity, O is the relative
angular vector, and A and B are coefficients whose value depends
on the three Reynolds numbers defined by Eq. (1) and the
proximity of the particle to the wall. Up to now experimental
data for the coefficient A is not available, and its only theoretical
predicted value is due to Saffman5 for the case just described. In
light of this incomplete state of the theory we let A = 6.46.
Consequently, the results we obtain are exact for those particle
trajectories for which the assumption of this study apply and
for which Eq. (2) is satisfied. For other cases, the results presented
are to be interpreted as yielding estimates of the proper order of
magnitude.

We obtain the equation of motion for the particle by combining
the first term Eq. (5) with Eq. (17.23) of Ref. 9 and by noting
that for Hiemenz flow the S = du/dy, i.e.,

6.46a 1/2

ndv 6.46 ~ . . 1 / 2
+ 017 + 4—3- a (P^)

1/2

(v-v) (6)

1/2

(u-up) (7)

where, x and y are in the direction parallel and normal to the
surface, respectively, and where

k = P/PS

= 2/(2 + fc); j8 =

(8)
(9)

(10)
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Recall that for frictionless, incompressible, and steady flow the
velocity distribution in the neighborhood of the two-dimensional
stagnation point, x = y = 0, is equal to

17 = ex.; F = -cy (11)
Where U is the velocity in x direction (parallel to the wall),

Fis the velocity in y direction (normal to the wall), and c is a
constant. For viscous flow, Hiemenz and Howarth obtained4

(12)
(13)

where:
ri = (c/vY'2y (14)

and the functions (j>(r\), <J>'(YJ) and (t>"(rj) are given in Table 5.1 of
Ref. 10. We now define the following dimensionless variables:

Table 2 Relations among c, 6, r\a, and a for water at temperature of
80°F

S = u/(cv)1/2
(15)

n'pP4>(rM>'(n)

where
CT

P = 9*1 a
2 fa (16)

The equations of motion for the particle in terms of afore-
mentioned dimensionless variables become:

,-«) +
(17)

(18)
(19)
(20)

Equations (17-20) were solved numerically by a fourth-order
Runge-Kutta method. The details of the technique are presented
in Ref. 11. Note that in these equations rja and k are the
only independent parameters, since a, /?, and cip are dependent
on the former as indicated by Eqs. (10) and (16).

In the case of frictionless potential flow integration of Eq. (11)
gives

v _ x e«. v = v e~ct (21}•*" -^o ' y j^o v-i*j-/
We now define if = 1/c, as the "flowfield time scale," so that

x _ x gt/t,. ' y _ y e~tfrf (22}
Consequently

D
«,=-* =

velocity equilibration time constant
flowfield time scale

(23)

Note that if k is very small a approaches unity and /?
approaches zero. Moreover, if k is much less than r\2, cip
becomes large, and consequently the particle will not be in
velocity equilibrium with the flow. If k is large, the apparent
mass effect is significant. Finally, if k 5> r\2, cip is small and
the particle and the fluid will be in velocity equilibrium. The
relationship between cip, v\2, and k is given in Table 1.

Results and Discussion
Paradigmatic particle trajectories are presented in dimension-

less coordinates £, Y\, and as a function of v\a and cip in Figs. 1
and 2. Recall that these dimensionless constants are in turn a
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function of the governing physical parameter of the problem;
namely, particle radius and density, fluid density and kinematic
viscosity, and flowfield constant c. For purposes of illustration,
and in order to make the presented results more meaningful
we have computed the relationship between c and rja for both
water and air for the particle sizes given in Tables 2 and 3. The
fluid boundary-layer thickness for the cases considered is also
indicated. For example, in the case of water at c = 1 sec"1 the
stagnation-point boundary-layer thickness is equal to 7.5 x 10" 3

ft. In this case, and for a = 3.14 x 10~5 ft, v\a = 10~2. Thus, the
boundary-layer thickness (d = 2,4rj) is 120 times the particle
diameter. On the other hand, for c = 10,000 sec"1 and particle
radius equal to 3.14x 10~4 ft, the latter is approximately two
times as large as the boundary-layer thickness. It should be clear
that the analysis presented is not applicable for this case, since
the assumption that the particle does not significantly disturb the
flowfield would be violated.

Figure 1 illustrates the trajectories of particles injected into the
flow from Y\ = v\a at £ = 0.5 or f = LO with a dimensionless
velocity V . = 5.0, where Vi = VJ/(cv)1/2, as a function of particle
size and density ratio. This graph shows that in general in product
CTP, rather than particle size or density ratio separately, governs
the particle trajectory. This is particularly true for cases where
significant penetration into the boundary layers occurs, i.e.,
CTP > 0.22. This figure also shows that small variations in
dimensionless particle injection location do not significantly alter
the general nature of the particle trajectory. In this connection
recall that £ = (c/v)1/2x. Consequently, a specified value of {,
corresponds to different dimensional injection location as the
velocity flowfield and/or type of fluid are varied.

Figure 2 gives the maximum distance penetrated by particles
into the boundary layer, rjm, as a function of injection velocity
for particles of different size and density. Particle injection took
place at •£ = 0.50, v\ — r\a. As this figure indicates, when Vi > 1,
Y\m is a linear function of V{ for a given CT , and v\a. Moreover,

Table 1 Relations among ci , rja, and k
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Fig. 1 Particle trajectories for the case of
K = 5.0.
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Fig. 2 Maximum penetration depth as a function of injection velocity.

for cip > 0.10, r]m is, for all practical purposes, independent of
*

r\a and for a given cip, is determined only by Vt. Recall that
for Hiemenz flow, the edge of the boundary layer corresponds to
rj ~ 2.4. Consequently, Fig. 2 automatically yields, for a given
CTP, the dinlensionless injection velocity required to reach the
edge of the boundary layer.
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Hypersonic Viscous,, Slip Flow over
Insulated Wedges
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Nomenclature
= yuw jf^/jUoo Tw, Chapman-Rubesin constantI

k
M
P>P>T
Pr
R
Rex
u,v

= specific heat at constant pressure
= total enthalpy
= thermal conductivity
= Mach number
= pressure, density, and temperature, respectively
= Prandtl number
= gas constant
= "oo Poo X/Pv
= velocity components along x, y directions
= slip velocity
= distances along and perpendicular to the wedge surface
= defined in Eq. (12)
= semiwedge angle
= ratio of specific heats
= boundary-layer thickness
= fi + dd/dx, local slope of the boundary-layer edge with free-

stream
= mean free path

coefficient of viscosity
M00

3(c/Rex)1/2, strong interaction parameter

Subscripts
oo — conditions in freestream
e = conditions at the edge of the boundary layer
w = conditions at the wall

- Introduction

SHEN1 investigated the hypersonic flow past an insulated
wedge with no slip boundary conditions at the surface. He

found that boundary-layer thickness varies as (x)3/4 and pressure
ratio (pjpn)| varies as (x)~1/2. This indicates that pressure ratio
tends to infinity as leading edge is approached. Aroesty2 investi-
gated the slip effects in the strong interaction region by taking
slip velocity as a perturbation to the no slip case. Htere, we
modified Shen's solution over the wedge by incorporating the
effect of slip velocity at the surface. An in viscid flow is envisaged
in between the shock wave and the boundary layer. Tangent-
wedge approximation provides the pressure distribution at the
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